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ABSTRACT 
A general method is developed for constructing linear recurrence formulas ex- 
pressing the permanents of (0,l)circulants in terms of permanents of (0, 1).circulants 
of the same type of lower orders. The method extends to all (0, l)-circulants a result of 
N. Metropolis, M. L. Stein, and P. R. Stein on permanents of (O,l)-circulants of a 
special type. 
1. INTRODUCTION 
Let P,,, or simply P, denote the n X n permutation matrix with l’s in 
positions (i, i + l), i = 1,2,. . . , n, and (n, 1). A matrix Ptl + P’z + . . . + P’k, 
where 0 Q t, < t, < . . . < t, < n, is called a (0, l)-circuZant of type 
(t,, t,, . * * > tk). Once n is specified, the n x n (0,l)circulant of type 
(tl, t,, . . . , tk) is completely determined. In this paper we deal with perma- 
nents of (0, l)-circulants. Since permanents are invariant under multiplication 
by any power of P, we can assume, without loss of generality, that t, = 0. We 
denote the type of (O,l)-circulant of the form 
z+P’“+P’J+ ... +P” 
by the symbol (z), where .z is the integer 
1+2’2+2’3+ ... +2’k. 
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For example, the type of the circulant whose first row is 
is (75). The n X n (0, l)-circulant of type (z) is denoted by A,,( z), which 
may be abbreviated to A, if there is no possibility of confusion. Thus the 
circulant in the above example would be denoted by As(75). 
In [3] I have obtained recurrence formulas for the permanents of (O,l)-cir- 
&ants of types (0, 1,2) and (0, 1,2,3). In [l] Metropolis, Stein, and Stein used 
a beautiful combinatorial argument to obtain linear recurrence formulas for 
the permanents of (0, l)-circulants of type (0, 1,2,. . . , k - 1). In the present 
paper I extend their method and their main results to all (0, l)-circulants. 
Even the use of the most efficient known evaluation methods for perma- 
nents allows us to compute the permanents of matrices of moderate size only 
(not larger than 25 X 25, say). Indeed, the evaluation of the permanent of an 
(n + 1) x (n + 1) matrix requires more than twice as many steps as that of an 
n x n matrix [4]. The recurrence formula in Theorem 1 expresses the perma- 
nent of a (0, l)-circulant A,,(z) in terms of permanents of circulants A,_ i( z), 
i = 1,2,3 ,..., 2’k - 2, where t, = [log, z]. Thus for computational purposes 
the formula is applicable only to (0, l)-circulants with small t,. For somewhat 
larger values of t, the formula can be still used for the evaluation of an 
important asymptotic function, 
B(z) = .‘iW (per(A,(z))““. 
The Mint-Bregman upper bound [4, p. 107, (2.1)J yields 
O(z) < k!l’k, 
but for most types the bound is not very sharp. 
It was shown by Schrijver and Valiant [6] that 
8,= .l$m(min{per(A)]AEA\})l’n< 
(k - l)kP1 
kk-2 ’ (1) 
where Rk, denotes the set of n x n (0, l>matrices with k l’s in each row and 
each column. It is known that for k = 3 the inequality (1) is actually an 
PERMANENTS OF (0, 1)CIRCULANTS 243 
equality. Schrijver and Valiant conjectured that this is the case for all k. It is 
not known whether the g.1.b. of e(z) in the set of all (0,l)circulants with k 
l’s in each row is equal to ok (cf. [5, Problem II]). It is hoped that our 
recurrence formulas for the permanents of (O,l)-circulants will shed some 
light on this difficult problem. 
2. THE METHOD-AN EXAMPLE 
In this section we show how to obtain a recurrence rule for permanents of 
(0, l)-circulants in a specific case of circulants 
Z+P+P4, (2) 
that is, (0,l)circulants of type (19). The purpose of this example is to 
illustrate the method by means of which we shall prove in the next section a 
general recurrence formula. 
Let QI, n denote the set of strictly increasing r-sequences of integers 
Y =(Yi,Yz>...> Y,), IGY,<Y,< ... < y, < n. If A = (aij) is an m X n ma- 
trix and a E Q,,, m, PEQk,n,then A[a]fi]denotesthe hxk submatrixof A 
whose (i, j) entry is asp. Let N, denote the sequence (1,2,. . . , s). 
We start with As = xs( 19), the circulant whose order is twice the highest 
power of P in (2). We compute the permanent of As(19) using the Laplace 
expansion by the first four rows [4, p. 16, Theorem 1.21. Let Ra(19) be the 
70-tuple whose entries are per(As[ N4 ] p]), p E Q4,s, arranged lexicographi- 
tally in p. Similarly, let C(19) be the 70-tuple whose entries are 
per(As[5,6,7,8 1~11~ Y E Q4,Ry ordered antilexicographically. Then 
per(As(19)) = R,(19).C(19), 
where the dot denotes the standard inner product. 
Next we turn our attention to the circulant A, = A,( 19). We expand its 
permanent by the first five rows: 
per(&)= c per(A,[N,I~l)per(A,[6,7,8,91~‘1), 
P = 95.9 
where p’ denotes the complement of p in Na. Note that the fifth column of 
A a [6,7,8,9 ] Na] is zero. It follows that the only nontrivial terms in the above 
244 HENRYK MINC 
summation involve the permanents of the 5 X 5 submatrices of A,[ N,s ] Na] 
which include its fifth column. There are 70 of them. Let R,( 19) be the 
7Wuple whose entries are these subpermanents arranged in lexicographic 
order. If we omit the (zero) fifth column in the lower submatrix and again 
form a vector of all subpermanents of order 4 of A,[6,7,8,9 ( Na] ordered 
antilexicographically, then clearly we obtain C(19) again. The same applies 
to any circulant A,,( 19) with n >, 8: 
per(A,(lS))= R,(19).C(19), 
where R ,,( 19) is the vector of lexicographically ordered permanents of the 
(n - 4>square submatrices of An [ N, ~ 4 ] N,] which consist of the fixed col- 
umns 5,6,..., n - 4 together with four of the remaining columns 1, 2, 3, 4, 
n - 3, n - 2, n - 1, and n. There are 
= 70 
such subpermanents, and thus R n( 19) is a 76tuple for every n > 8. 
We now show how to derive a recurrence rule for the upper vector 
R,(19). First consider the case n = 9. As we observed, the entries of R,(19) 
are the permanents of the submatrices of A,[ N, 1 Ns] which include its fifth 
column. Arrange these 70 submatrices in the lexicographic order of their 
column indices, and partition them into classes according to the position of 
the fifth column: 
1 submatrix, 
A,[N, lLKM5]; 
4 subclasses of 4 submatrices each, 
A,[% l1,2,3,5,~], i = 6,7,8,9, 
A,[& 11,2,4,V], i = 6,7,8,9, 
A,[Ns lI,3,4,5,i1, i = 6,7,8,9, 
A&‘, 12,3,4,W], i = 6,7,8,9; 
PERMANENTS OF (0, l)-CIRCULANTS 245 
6 subclasses of 6 submatrices each, 
A,[% 11,2,5,i, j], 6<i<j<9, 
A,[% lI,3,5,i, jl, 6<i<j<9, 
A,[N, 11,4,5,i, j], 6<i<j<9, 
A,[% 12,3,5,i, j], 6<i<j<9, 
A,[% 12,4,5,i, j], 6<i<j<9, 
A,[N, l&45, i, j], 6<i<j<9; 
4 subclasses of 4 submatrices each. 
A,[N, 11,5,i, j, kl, 6<i<j<k<9, 
A,[% 12,5,i, j, k], 6<i<j<k<9, 
A,[N, l3,5, i, j, k], 6<i<j<k<9, 
A,[N, (4,5,i, j, k], 6<i<j<k<9; 
1 submatrix, 
A,[% l5,6,7,8,9]. 
Thus there are 1 +44 +6” +44 + 1 = 70 “permissible” submatrices, as ex- 
pected. 
We use the following abbreviated notation: 
per(A2t+1[4+1 lil,izp...,i,+,])= [il,i2,...,il+l], 
per(Az,[N, I jl, j,,..., j,])= [j,, j,,..., j,], 
where Azt+i and Azt are assumed to be (0,l)circulants of the same type, 
and t = t,. In our present example the type is (19), and t = 4. 
The permanents of the submatrices in the first and the last classes clearly 
are 1, i.e., 
[1,2,3,4,5] = [5,6,7,8,9] =l. 
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Now, consider one of the subclasses consisting 
A,[ Ns I1,2,3,5, i], i = 6,7,8,9, say; i.e., the matrices 
I 0 1 0 1 0 10  0 1 0,  1  
I 0 1 0 1 0 1 0 1 0 1 
1 1 0 
0 1 1 
0 0 1 
0 0 0 
0 0 0 
1 1 0 
0 1 1 
0 0 1 
0 0 0 
0 0 0 
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of four submatrices: 
1 0 
0 0 
0 1 
1 0 
1 0 
1 0 
0 0 
0 0 
1 0 
1 1 
Expand the permanents of these submatrices by their last rows 
[1>2,3,5,6] = [1,2,3,6]+[1,2,3,5], 
[1,2,3,5,7] = [1,2,3,7], 
[1>2,3,5,8] = [1,2,3,8], 
[1,2,3,5,9] = [1,2,3,5], 
which can be written compactly in the vector form 
where II 1 = III 1( 19) is the 4 X 4 transformation matrix 
i 0 1 0 1 0 1 0 1’ 1 
and the individual square brackets in [1,2,3,5,6], etc., have been omitted. It 
is easily seen that II, is also the transformation matrix for each of the other 
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three subclasses in the same class. For example, 
Next, we consider the permanents of the submatrices in one of the 
Bsubclasses: 
-1,2,5,6,71 
1,2,5,6,8 I 
1,2,5,6,9 = n 
1,2,5,7,8 2 
1,2,5,7,9 
.1,2,5,8,9 
1,2,5,6 
1,2,5,7 
1,2,5,8 
1,2,6,7 ’ 
1,2,6,8 
1,2,7,8 I 
where 
n, = rIa(19) = 1 100000 010100 0101 0 1 0 0 o_ 000001’ 
As before, II, is also the transformation matrix for the other five subclasses in 
the same class. 
Lastly, for one of 4-subclasses of the last class we obtain 
t 1,5,7,8,9~ 
where 
r13 = rIa(19) = 
t 1,6,7,8~ 
0 0 1 1 
1 0 0 0 
0 1 0 0 
0 0 1 0 1. 
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Again, 113 is also the transformation matrix for the other three subclasses in 
the same class. 
Note that we have related, by means of three transformation matrices Hi, 
H,, and Hs, subvectors of R&19) to the corresponding subvectors of 
R R( 19). Clearly the same relations with the same transformation matrices will 
also hold between the corresponding subvectors of R n( 19) and R n I( 19) for 
any n > 9. For example, if n = 10, we have for the permanents of submatrices 
in a subclass of the second class 
etc.; for the permanents of submatrices in a subclass of the third class, 
etc.; and for the fourth class, 
etc. 
By the Cayley-Hamilton theorem, the matrices H,, IT,, and H3 satisfy 
their respective characteristic equations 
A*-_-a-1=0, A6 - X4 - A3 - X2 + 1= 0, and X4 - X - 1 = 0. 
Hence the corresponding subvectors of R,,( 19), R n_ 1( 19), and R n _*( 19) 
(or R.(I9), R,_,(I9), R,_,(19), R,_,(I9), and R+e(19), or R.(19), 
R n ~ 3( 19), and R n _ *( 19)) respectively) must satisfy the resulting recurrence 
relations. For example, the subvectors consisting of the second, third, fourth, 
and fifth entries in R,,(19), R,,(19), and Rs(19) are (3,1,1,2), (2,1,1,1), 
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and (l,O,O, l), respectively. We verify that these subvectors satisfy the 
recurrence relation induced by the first of the above characteristic equations: 
The kubvectors consisting of the lOth, llth, 12th, 13th, 14th, and 
15th entries in R,,(19), R,,(19), R,,(19), R,,(19), and R,(l9) are 
(3,3,3,1,2,1), (1,2,1,1,1,1), U,l,l,O,l,l), (l,l,l,O,O,O), and (O,l,O,O,O,l), 
respectively. Again, we verify that they satisfy the recurrence relation induced 
by the second of the characteristic equations: 
~3,3,3,1,2,1)=(1,2,1,1,1,1)+(1,1,1,0,1,1) 
+(1,1,1,0,0,0)-(0,1,0,0,0,1). 
Thus corresponding 4-subvectors of R,( 19), n = 8,9,10,. . . , must satisfy 
either the recurrence formula induced by the equation X4 - A’ - 1 = 0 or by 
X“ - X - 1 = 0. Similarly, corresponding 6subvectors must satisfy the recur- 
rence relation induced by A’ - X4 - A3 - X2 + 1 = 0. Hence every subvector, 
except the 1-subvectors (that is, the first and the last entries in R,,( 19)), 
satisfies the recurrence relation induced by the combined equation 
Now, let k,,(19), n = 8,9,10,. . . , and C(19) denote the 68-tuples ob- 
tained from R ,,( 19) and C( 19), respectively, by discarding their first and last 
entries. Then 
I’,, = fi,,(19).C(19) = per(A,,(19)) - 2. 
Since all subvectors of R (19) satisfy the linear recurrence relation induced by 
(3), we have 
P,, - P,_I- P,,_z - Pn_3 - Pn_4 +3p,-F, +3p, _(i + P,)_7 + p, -8 
- 3P,_I, - 3P”-,” - P,-lr - p,-r‘j + p,*_13 + p,,_14 = 0. 
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TABLE 1 
n per(A,,W) n per(A,,W)) 
5 13 14 229 
6 17 15 304 
7 31 16 417 
8 33 17 581 
9 45 18 809 
10 65 19 1105 
11 91 20 1537 
12 113 21 2137 
13 159 22 2953 
Now, Pi = per(Aj(19))- 2, f or all i, and Zf(l) = - 2. It follows that 
wr(A.(lg)) = E ci per( An-I(19)) - 2, 
i=l 
(4) 
where ci = ca = cs = c, = cl1 = cl2 = - c7 = - cs = - Cl3 = - CL4 = 1 and cs 
=c,= -ca= -cia= - 3. 
Equation (4) is valid for all n such that n - 14 > 8, i.e., for all n B 22. It 
can be shown by a proof similar to the one used in [l] that it is also valid for 
n = 19, 20, and 21. 
The values of A .( 19) given in Table 1 were computed directly by Ryser’s 
method [4]. It is easy to verify that (4) gives the correct values for n = 19, 20, 
21, and 22. 
We note incidentally that the permanent of A,,( 19) is odd for all the 
values in the above table except for n = 15. Now, 14 of the coefficients in (4) 
are odd, and one, the constant - 2, is even. Therefore for n in the interval 
19 < n < 29 the permanent of A,(19) is a sum of 13 odd and two even 
integers, and it is therefore odd. However, the same formula expresses 
per( A,,( 19)) - 2 as a sum of odd multiples of per( A,, i (19)), i = 1,2,. ,14, 
all of which are odd integers, and therefore per( A,,( 19)) is even. Continuing 
in the same manner, we see that for 31~ n Q 44 the permanent of A,,( 19) 
once more is a sum of 13 odd and 2 even integers, and therefore it is odd in 
this range; whereas per( A 45( 19)) is a sum of 14 odd integers and an even 
integer, and thus it is even; and so on. We can conclude that the permanent 
of A,,( 19) is odd if and only if n is not a multiple of 15. I am indebted to 
Morris Newman for showing me his unpublished result which states that 
det( A ,,,( z)) divides det( Ahn,( z)) f or every positive integer h. Of course, the 
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determinant and the permanent of a (0,l)circulant always have the same 
parity. 
Lastly we note that the theory of linear recurrence relations implies that 
8( 19), which we have defined by 
e(19) = ,,“ir [per(A,,(19))]r’“, 
is equal to the greatest root of f(X), i.e., to the largest of the maximal 
eigenvalues of II r, H,, and H3. These are: 1.38027757, 1.40126837, and 
1.22074408, respectively. Hence 
e( 19) = 1.40126837. 
3. RECURRENCE FORMULAS 
The purpose of this section, and indeed the main object of this paper, is to 
present and prove the following result. The method of proof is constructive 
and can be actually used for finding a recurrence formula for the permanent 
of (0, l)-circulant of any type, provided that the characteristic polynomials of 
the transformation matrices involved can be evaluated. 
THEOREM 1. Let A,(z) be the n X n (0, 1)-circukunt 
z + p’? + pt.1 + . . . + P’r, 
0 < t, < 1, < . . < t, < n, n >, 2’~ +2t, - 2. l’hen 
per(A,,(z)) =c ci per( A,- ,(=))+ c, 
i=l 
where m = 2’k - 2, the ci are integers independent of n, c = 2+2x::‘l,c,, and 
the AT(z) are s x s circulants of type (z) = (0, t,, t,,. . . , tk). 
Proof. Consider the circulant Azt = Azl( z), where t is an abbreviation 
for t,. Let R,,(z) be the y 
( 1 
-tuple whose entries are the subpermanents of 
order t of A,,[N, 1 N,,] ordered lexicographically, and let C(z) be the 
-tuple whose entries are the subpermanents of order t of A,,[t + 1, t + 
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2 , . . . ,2t 1 TV,,] in the anti-lexicographic order. Then by the Laplace expansion 
theorem for permanents, 
R,,(z).C(z) = per(Adz)). 
Next, we consider the circulant Azt+ i = A,,, i(z). Expand its permanent 
by the first t + 1 rows. Note that column t + 1 of the lower suhzutrix 
A er+l[t +2,t +3,..., 2t + 11 N,,, i] is zero. Hence the only nontrivial subper- 
manents of order t + 1 of the upper s&matrix Azt + i [ N,, i ) N,, + i] are the 
permanents of submatrices which contain the column t + 1. There are 
2t 
t 
such subpermanents. Let Rst+ i(z) be 
i 1 
th e vector of these subpermanents 
ordered lexicographically in column indices. Now, if the zero (t + 1)st column 
is omitted from the lower submatrix AZ,+ i[ t +2, t +3,. . . ,2t + 1 1 N2,+ ,I, 
then the resulting matrix is precisely As, [ t + 1, t + 2,. . . ,2t ] Na,]. It follows 
that 
R2,+l(z).C(z) = w-(A2,+l(,-)). 
In general, we compute the permanent of A,,(Z), n> 2t+l, using Laplace 
expansion on its first n - t rows. For this purpose we evaluate the perma- 
nents of (n - t )-square submatrices of the upper submatrix A ,I [ N,, ~, i N,,]. 
Since columns t + 1, t + 2,. . . , n-t of the lower submatrix A,,[n-t+l, 
n -t +2,..., n ] N,] are zero, we need to consider only the “nontrivial” 
submatrices of An [ N,, ~, ] N,], i.e., submatrices which contain columns t + 1, 
t +2,..., n - t, together with t of the remaining 2t columns of the upper 
submatrix. Let R,(z) be the vector whose entries are the permanents of the 
nontrivial (n - t )-square submatrices of An [ N, I ] N,,] ordered lexicographi- 
tally in column indices. Then R”(z) is a y -tuple, and 
i 1 
R.(z).C(z) = per(A,,(z)) 
for any n > 2t. 
We show now how to obtain a linear recurrence formula for vectors 
R,,(z), and thus also for the permanents of (0, l)-circulants of type (z). First 
observe that the permanent of every (n - t )-square submatrix of A ,, [ N,, I 1 N,,] 
can be expressed, by the use of Laplace expansion on the last row, as a sum of 
subpermanents of order n - t - 1 of An i [ N,, I i I N, i]. Indeed, consider 
the submatrix 
A,[Nn_,lil,iz ,..., i,v,t+l,t+2 ,..., n-t,i F+l,...,ill, (5) 
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where l<i,<i,< ... <i,Y<t+l<n-t<i,s+,< ... <i,<n. If the last 
row and any of the columns of the submatrix (5) are deleted, then, provided 
that i, is not equal to n, the resulting matrix is an (n - t - l)-square 
submatrix of A,-,[N,_,_, ]NnPi]. If on the other hand i,=n, then the 
permanent of (5) is actually equal to per(A.~,[N,,~,~, ]i,,i,,...,i,,t+l, 
t +2 ,..., n - t, is+i ,..., it+,]). 
Now, partition the set of nontrivial (n - t)-square submatrices of 
A,, [ N, I 1 N,,] into classes, according to the position of the block of fixed 
columns t + 1, t + 2,. . . , n - t. Thus a typical class consists of submatrices of 
form (5) all of which contain columns t + 1, t + 2,. . . , n - t of A,, [ N,, ~, 1 A’,,,] 
in positions s+l,s+2,..., s + n - 2t, where s is a fixed number for the 
class. A class of submatrices of form (5) is said to be of width t - s. 
Next, partition the class of width t - s into subclasses of submatrices all 
of which have exactly the same first s + n - 2t columns. Let CT(“) = 
U’“‘(i,,i,,..., i,y) be a column vector whose entries are permanents of sub- 
matrices of form (5) in the same subclass, ordered lexicographically in column 
indices. Let UCnP1)= U(“P1)(il, i, ,..., i,) denote the column vector of the 
permanents of submatrices 
A.--,[N,,-,_,li,,iz ,... ,i,,t+l,t+2 ,... ,n-t-l,j,5+,,j,+, ,..., j,] 
ordered lexicographically, where the first s + n - 2t - 1 column indices are 
fixed, and j, + i, j,, + 2,. . . , j, run over all integers satisfying n - t < j,$ + I < j, + 2 
< . . . < j, < n - 1. Thus U (nm1’ plays the same part with respect to a class 
of submatrices of An i [ N, fp 1 1 N,, _ 1] as does UC”) with respect to the class 
of submatrices of A,,[ N,-, ) N,,] of the same width. 
Since every entry (i.e., subpermanent) in U(“‘) is a sum of one or more 
entries (subpermanents) in U’“-i), there exists a -square (O,l)-matrix 
lI,P,Y = lI._,(z) such that 
UC”) = n 
f-5 
(J(n-1) 
It is easy to see that lI_, is the transformation matrix for every subclass of 
the same class, since the matrix depends solely on the number of the fixed 
column indices and not on their actual values. Specifically, lI, s is the 
transformation matrix for every subclass of submatrices which contain col- 
umns t +l,t +2,..., n-t of A,[N,-, IN,] in fixed positions s +l, s + 
2 ,...> s + n - 2t. We shall call II,-, the transformation matrix of width t - s 
of the circulant. 
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We show now that transformation matrix Il,_,T does not depend on n: it 
is completely determined by (z) and s. Let 
and 
The entries in Ucn) are permanents of submatrices of form (5) all of which 
have the same first s + n - 2t columns. A permanent within the subclass 
therefore can be designated simply by [is+ 1, i, + 2,. . . , it] “. If this permanent is 
the pth entry in UC”) we write 
p=#[i s+l,is+2,...,ifln. 
We use analogous notations for entries in UC”- i) and in U(“’ I). Entry ( p, 9) 
in the transformation matrix II,_,, can be labeled by the pth entry in U(‘l) 
and the 9th entry in UC”- ‘); i.e., by the subpermanent 
[iS+r,iF+s,..., i,]” of A,[N,_,]N,] such that p=#[i,,+,,i,,+, ,..., i,]“, and 
by the subpermanent [js+l,j,~+,,...,jt]“~l of A,,_l[Nn_,_l ]N,,_i] such 
that 9 =#[j,+,, js+sl..., jtlnpl. 
In the last row of An [ IV,, _ t ( N,,] the l’s occur in columns 
n - t, n - t + t,, n - t + t,,. . ., 72 - t + t,_,, 12. (6) 
Thus if the permanent of the submatrix (5) is expanded by the last row, we 
obtain a sum of the permanents of submatrices of An i [ N,, I i 1 N,, , ] 
obtained from the matrix (5) by deleting its last row and either its last column 
if i, happens to be n, or, if i, # n, one of the columns in (6) whose index 
belongs also to the set {n-t,i,~+,,i,~+,,...,i,}. In other words, II_, has 1 
in position (p, 9), where p = #[is+ 1, is+2,. . . , ill”, if either i, = n and ,9_~ 
#[n - tris+l,is+2,...,if_l]“~1, or i, < n and 9 =#[j,+,, jpi2 ,..., j,] , 
where {jS+i, jS+s ,..., j,} isasubsetof {n-t,i,+,,i,$+, ,..., i, } such that 
{n-t,i,+,,i,+,,...,i,} - { jsilr js+2,..., j,> =n--t+4 
for some s, I < s < k - I. 
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Consider now the subclass of submatrices 
A,+l[N,_t+llil,i2 ,..., $,t+l,t+2 ,..., n--t+l, 
i ,~+l+l,i,~+z+l,...,i,+ll (7) 
all of which have the same first s + n - t + 1 columns and whose remaining 
t - s column indices run over all integers satisfying n - t + 1 < i, + I + 1 < 
iv+2 + 1 < . . . < i, + l< n + 1, i.e., n - t < is+l < isie < . . . < i, < n. We 
designate the permanents of these submatrices by the abbreviated notation 
ii S+,+l,ip+2+1 ,..., i,+lln+i. 
These permanents ordered lexicographically are the entries in U(“‘+i). Note 
that 
#[i,~+,+l,i,+,+l,..., i,+l]“+‘=#[i,+,,i,~,, ,..., if]“, 
and thus corresponding indices in the pth entry in U(“+ i’ and the pth entry 
in UC”) differ exactly by 1. The same is true for the pth entries in U(“) and 
u(n-1) 
The last row of A,+l[N,Pr+i ]Nn+i] has l’s in columns 
We note that the integers in (8) differ from the corresponding integers in (6) 
by 1. 
Again, if the permanent of the matrix (7) is expanded by its last row, we 
obtain a sum of subpermanents of order t of At, [ N,, t 1 N,,]. We can conclude, 
as before, that 111, _,~ has 1 in position (p, 9) where p = #[ i,s+ i + 1, i,y, 2 + 
1 ,..., i, + l] “+I if either i,+l=n+l and 9=#[n-t+l,i,+,+l,i,+,+ 
l,...,i,_l +l]“, or i,+l#n+l and 9=#[j,+I, jS+2 ,..., jt]“, where 
{n-t+1,i,+,+l,i,~+,+1,...,i,+~} - {jP+l,jS+2,...,jt} 
=n-t+t,+l 
for some s, 16 s < k - 1. But these are exactly the same conditions as those 
in the case of II+,, except that all indices are now increased by 1. It follows 
that the (p, 9) entry of nip, is 1 if and only if the (p, 9) entry of n,p,s is 1, 
and thus ll_, = n,+,$. 
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We can conclude therefore that for the same type (z) and the same width 
t - s we obtain the same transformation matrix for all n for which the 
method is valid, namely, for all n > 2t. Hence 
Now let 
P?, 
A”‘+ c diJ”-‘=O, 
i=l 
(10) 
where 
be the characteristic equation of fI t_S. Then by the Cayley-Hamilton theo- 
rem, 
From (11) and (9) we have 
,I, 
U(n)= _ c diU-’ (12) 
i=l 
for any n > m +2t. We see that every subvector of R,(z) whose entries are 
the permanents of t 
( 1 
submatrices in a subclass of a class of weight t - s 
satisfies the recurrenze formula (12) which is induced by Equation (10). Let 
fin(z) and c(z) denote the 
RI- 1 2 -tuples obtained from R,,(z) and 
C(z), respectively, by discarding their first and last entries, each of which is 
equal to 1. Let 
Clearly I’,, = per( A “( z )) - 2. Now, R ,,( .z ) is made up of disjoint subvectors 
each of which satisfies a recurrence formula induced by the characteristic 
equation of the corresponding transformation matrix II,P,s, s = 1,2,. . . , t - 1. 
Hence R,(z) must obey the recurrence relation induced by the least 
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common multiple of the minimal polynomials of these transformation matrices, 
which we may take to be, in general, the product of their characteristic 
polynomials. If 
where M = 2’ - 2, then 
But (13) and (14) imply that 
be., 
w(A,,(z)) - 2 = 
We can therefore conclude that 
pert A.(z)) = - 
- C ciRrt-i(Z>. 
i=l 
- C ci[Per(A.-,(z)) - 21. 
i=l 
.$\I 
C ci per(A.-,(z))+2f(l). 
(14) 
n 
i=l 
4. STRUCTURE OF TRANSFORMATION MATRICES 
There are unexpected algebraic relations between transformation matrices 
for a (0, l)-circulant. We first determine the structure of II,, the transforma- 
tion matrix of width 1. 
Recall that the companion matrix of a manic polynomial 
x”’ + clXn’-l + C2P2 + . . . + CT,,,_ ,A + c,,, (15) 
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of degree m is the m x m matrix 
- Cl 1 0 0 ... 0 
- c2 0 1 0 ‘.. 0 
-ca 0 0 1 . . . 0 
. . 
. . . . 
- c,,, . . . _ 1 0 0 0’ 1 
- en, 00 ... 0 0 
It is well known that (15) is the characteristic polynomial of its companion 
matrix, and that the matrix is nonderogatory [2, 3.291. [N.B. Although the 
companion matrix defined in most books is the transpose about the secondary 
diagonal of (16) the above form is more convenient for our purposes.] 
THEOREM 2. The transformation matrix II, of width 1 for the n x n 
(0, 1)-circulant 
I + Pf2 + Pf, + . . . + P’k, (17) 
n > 2t, is the companion matrix of the polynomial 
where t = t,. In other words, the entries in the first column of KI, are 
precisely the first t entries in the last row of the circulant; each of the 
remaining columns has 1 in position (j - 1, j), j = 2,3,. . . , t, and zeros 
elsewhere. 
Proof. Denote the circulant (17) by A,,. We saw in the proof of Theorem 
1 that the matrix 111, is independent of n. Hence we can take n = 2t + 1. 
Furthermore, III, is the transformation matrix for every subclass of the class 
of submatrices of width 1. Consider therefore the subclass of submatrices 
i = t +2, t +3,..., 2t + 1. Denote the permanent of (18) by [t + 1, i]. The 
corresponding subclass of submatrices of Azt consists of matrices 
A2,[N,I1,2,...,t-l,j], (19) 
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j=t+1,t+2,..., 2t. Denote the permanent of (19) by [j]. With this no- 
tation we have 
where the square brackets for individual subpermanents have been omitted. 
Expanding the permanents by the last row of (18), we obtain: 
(1) if i f 2t + 1, then 
i 
[t+l]+[i] if i-(t+l)ET, 
[t +1,i] = [il 
if i-(t+l)@T, 
where T= {t2,t3,...,tk_1}; 
(2) if i = 2t + 1, then 
[t +1,i] = [t +1]. 
Consider the (p, 9) entry in the transformation matrix n,. If we label 
rows and columns of II, by the corresponding entries in U(2r+1) and U’2r), 
respectively, we have p = #[t + 1, p + t + l] and 9 = #[ 9 + t]. It follows that 
the ( p, 9) entry in KI 1 is 1 if and only if: 
(1) 9 = 1 or p + 1, if p # t and p E T, 
(2) 9 = 23 + 1, if p # t and ;p E T, 
(3) 9 = 1 and p = t. 
The result follows. I 
THEOREM 3. The transformation matrix JI+ I for the circulant (17), 
where t = t,, is the transpose of the companion matrix of the polynomial 
In other words, the entries in the first row of rI, I are precisely the first t 
entries in column t of the circulant; and each of the remaining rows has a 1 
in position (j + 1, j), j = 1,2,. . . , t - 1, and zeros elsewhere. 
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Proof. We consider the subclass of submatrices 
A,,+#,+, Il,t+l,i,,i,,...,i,], (21) 
ordered lexicographically in (i,, is,. . . , i,), where t+2<i,<i,< ... <i,< 
2t + 1. Denote the permanent of (21) by [l, t + 1, i,, i:,,. . . , i,]. The corre- 
sponding subclass of Azt consists of submatrices 
A,,[N,Il,j,,j,,...,j,], (22) 
ordered lexicographically in (j,, js,. . , j,), where t + 1 < j, < j, < . < j, 
< 2t. The permanent of (22) is denoted by [l, j,, j3,. . , j,]. With this 
notation we have 
and 
1,t +1,t +2 )..., 2t - 2,2t - 1,2t 
1,t+l,t+2 )...) 2t - 2,2t - 1,2t + 1 
1,t+1,t+2 )...) 2t-2,2t,2t+1 
1,t+1,t+2,t+3,t+5 )...) 2t,2t+1 
1,t+1,t+2,t+4,t+5 )...) 2t,2t+1 
1,t+1,t+3,t+4,t+5 )...) 2t,2t+1 
1,t+1,t+2,t+4 )..., 2t-1,2t 
1,t+1,t+3,t+4 )...) 2t-1,2t 
_1,t+2,t+3,t+4 )...) 2t-1,2t 
where the brackets around the individual subpermanents have been omitted. 
The last row of the matrix Aat+ r [ TV,+ I 1 Nzr + I] has l’s in columns 
t + t, + 1, i = 1,2,. . , k, where t, = 0, and zeros elsewhere. Hence, expanding 
[l,t+l,t+2,...,2t-1,2t] by the last row, we obtain a sum of the k-l 
subpermanents [l, j,, j,, . . . , j,] of A,,[N, 1 A?,,] for which 
{t+l,t+2 ,..., 2t}-{jz,j3 ,..., j,}=t+ti+l, 
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i = 1,2 , . . . , k - 1. Thus the first row of II_ i has l’s in columns t - t,, 
i = 1,2,..., k - 1. But these are exactly the positions where l’s occur in the 
first column of the companion matrix of (20). 
All the entries (subpermanents) in U(2ti1), except the first one, contain 
column index 2t + 1 (the last column of Aa, + I [ h:+ I 1 hi,, 1]). Now, if i, = 2t 
+ 1, then 
[l,t+l,i,,i, ,..., i,_,,i,]=[l,t+l,i,,i:, ,..., i,~,]. (23) 
Moreover if the left-hand side of (23) is the pth entry in CT’“” I’, then the 
right-hand side of (23) is the (p - 1)st entry in Ut2’), p = 2,3,. . . , t. It follows 
that in the last t - 1 rows of II_ I there are l’s in positions (p, p - l), 
p = 2,3 , . . , t, and zeros elsewhere. W 
If A,, is circulant (17), then the circulant 
is called the dual of A,, and is denoted by At. Thus A]II is the (0, 1)-circulant 
whose first row consists of the entries in row n - t in A,, in the reverse order. 
In fact, AZ = P’AA~, where the superscript T denotes the transpose. Hence 
per(A?)= IdA,,). (25) 
Let lI,D, r=1,2 ,..., t - 1, denote the transformation matrices for the 
circulant (24). 
In Theorem 2 we have fully described the structure of H,. In Theorem 3 
we have shown that 
II ,,=(rIf)‘. (26) 
In our last theorem we determine the relations between II, and the other 
transformation matrices for a (0, l)-circulant. 
DEFINITION. Let A4 be an n X n matrix, and let r be an integer, 
1~ r < n. Then the rth permanental cumpound of M, denoted by L,(M), is 
the T 
( 1 
-square matrix whose entries are per( A [ a 1 p]) arranged lexicographi- 
callyinol~Q~,~ andjlEQr,n. 
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THEOREM 4. The transformation matrix II T of width r for (0, l)-circulant 
A,, is the r th permanental compound of the transformation matrix r1 I of 
width 1 for A,. 
Proof. Let the (0,l)circulant be (2t + l)-square, of the form (17) and let 
t, = t. Both L,(II,) and II, are t 
0 
-square matrices. We show that their 
(p, 9) entries are equal. As usual, w: index rows and columns of L,.(fI,) by 
the sequences in Qr, n ordered lexicographically. Consider row p = 
#(PI, P,,..., p,) of L,(IT,). Row p has a 1 in column 9 if and only if 
(1) p, < t, and either 
for some p for which the (pp, 1) entry of II 1 is 1, or 
9=#(p,+l,p,+l,...,p,+l); 
(2) p, = t, and 
Let the rows of IT, be indexed by column indices occurring in subperma- 
nents which are entries in U@‘+ “, 
[1,2,... ,t--~,t+l,i~~~+~,i~~~+~,...,i~l, (27) 
where ir-r+l,it-r+2,... , i, run over all integers satisfying t + 1 < i,_,+ I < 
tt-r+2 
< . . . < i, < 2t + 1. Let 
pp = i t--r+lr - (t + 11, (28) 
I” = 1,2 >..., r. Then subpermanent (27) can be designated as an entry in 
U(“+ r) by the abbreviated notation [p,, p,, . . . , p,] “+ ‘. 
Similarly let the columns of IfI, be indexed by column indices occurring in 
the subpermanents which are the entries in Vzr), 
[u,..., t-r, j,--r+l, jt-r+2,..., j,l> (29) 
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where j,_ r+l, L-r+2r..., jt run over all integers satisfying t + 1 < j,+ I + I < 
j,_ r+2 < ... < j,<2t. Let 
4, = j,-,+, - t, (30) 
v= 1,2 >...> r, and designate the subpermanent (29) as an entry in We” by 
the abbreviated notation [ ql, q2,. . . , q,] 2t. 
RecallthatthelastrowofA2,+,[N,+,~N2,+,]hasl’sincolumnst,+t+1, 
i = 1,2,..., t. Let T= {t,,t, ,..., t,..,}. If we expand the subpermanent (27) 
by the last row, and use the abbreviated notations and the relations (28) and 
(30), we obtain 
[P,>P,Y.J%l 2t+1= c [l,p,+l,..., p,,_,+l,p,,+,+l, . . . . p,+l12’ 
p, E 7 
+[pl+l,Pz+1,...,pr+~12’ (31) 
if p,<t,and 
[P1>P27...44 
2t + 1 = [l,p,+l,p,+l,...~ 17r-1+112’ (32) 
if p,=t. 
Now, consider row p=#[pl,p2,...,p,]21+1 of II,. By (31) and (32) 
entry (p, q) of II r is 1 if and only if: 
(1) p, -C t, and either 
q=#[p1+1,p2+1 ,..., p,+112’, 
or 
q~#[l,p,+1,...,p”_,+l,p,+,+l~...~~,+l12’~ where Pu’T; 
(2) p,=t,and q=#[l,pl+1,p2+1~...~Pr-~~1112’. 
The result now follows. 
264 HENRYK MINC 
Call a (0, l)-circuIant A,, palintropic if A,, = AR. It is clear that circulant 
of the form (17) is palintropic if and only if ti+tkmi+r=tk, i=1,2,...,k. 
Note that all (0, l)-circulants considered by Metropolis, Stein, and Stein [l] 
are palintropic. 
The recurrence formula (15) for the permanent of a circulant A,, of form 
(17) expresses the permanent of An in terms of the permanents of circulants 
A,,_i, i = 1,2 ,..., 2’ - 2, of the same type. If A, happens to be palintropic, 
then transformation matrices Hi and II_ i have the same characteristic 
polynomial for i = 1,2,. . . , t - 1, and thus only half as many permanents are 
required in the recurrence formula if t is odd, and somewhat more if t is 
even. 
Nonetheless a recurrence formula for the permanents of (0, l)-circulants of 
a given type can be constructed whenever the characteristic polynomials of 
their transformation matrices can be evaluated. This can be done fairly easily 
for any (0, I)-circulants with t < 8. In fact, with an efficient use of computers, 
such formulas can be obtained for circulants with t < 12. 
It would seem that much more can be done in view of the results in 
Theorems 2, 3, and 4, which give characteristic polynomials of II I and II, 1 
explicitly, and show that all other transformation matrices are permanental 
compounds of II,. Unfortunately, unlike the case of (determinantal) com- 
pounds, it is not known how is the characteristic polynomial of a matrix 
related to that of its permanental compound. However, the rth permanental 
compound of A clearly is a principal submatrix of the rth induced matrix of 
A [2, 1.2.121, and it is known that if A is a nonnegative matrix with maximal 
eigenvalue (Y, then or is the maximal eigenvalue of the rth induced matrix of 
A [2, 1.2.15.141. It follows by a result of Frobenius [2, II.5.7.61 that the 
maximal eigenvalue of the rth permanental compound of A cannot exceed 
&. It was proved in [l] that, for (0, l)-circulants of type (0,1,2,. . , k - l), the 
matrices n, and L,_,(ll_r) are similar, T = 2,3,.. , t - 2. We conjecture 
that this is true for (O,l)-circuIants of every type. If so the largest root of the 
product of the characteristic polynomials of the transformation matrices for 
circulants of type (z) = (tr, t,, . . . , t,_ I, t ), cannot exceed 
m = max (min( oi, p’-‘)), 
where LY and p are the maximal eigenvalues of III, and II, _ r, respectively. 
From this it would follow that 
0(z) G m. (33) 
In the example in Section 2, where t = 4, we found that d(19) = 1.40126837. 
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The inequality (33) yields 
O( 19) < 1 .220744082 
= 1.49021611. 
The bound in (33) might be useful in cases when t is too large to allow a 
direct computation of e(z). 
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